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Background content
Bound on the character

Another construction

Partitions in topological spaces

Surfaces in the literature prominently during the 70s;

Ramsey theory (Coloring and sizes of monochromatic subsets);
Topology (Structure of subspaces);
Partitions in Topological spaces (Coloring and topological
structure of monochromatic subsets).
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Background content
Bound on the character

Another construction

Definition
Let X and Y be topological spaces. The expression

X → (Y )1κ

means that, for all f ∈ κX , there is an η ∈ κ and a subset
Z ⊂ f −1[{η}], such that Z is homeomorphic to Y .

When considering ordinals with the order topology we specify the
notation, writing: X → (top α)1κ.

Theorem ([2], Theorem 1)

Let X be a regular topological space with X → (top ω + 1)1ω, and
χ(X ) < b. Then X → (top α)1ω for all α < ω1.
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Examples

Some examples of such spaces are as follows:
R

→ (hereditarily Lindelöf);
The Sorgenfrey line → (hereditarily Lindelöf);
ω1 with the order topology → (constructing a Club).

What about the bound on the character in the theorem, is it the
best possible?
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Bound on the character

Theorem ([2], Theorem 4)

Suppose ♢ω1 holds. Then there exists a topological space (X , τ)
such that: χ(X ) = b, (X , τ) → (ω + 1)1ω, and (X , τ) ↛ (ω2 + 1)1ω.

The idea behind this result is to refine the neighborhoods of limit
points in accordance with a diamond sequence that guesses
colorings of ω1 in ω many colors.This should suffice to destroy
copies of ω2 + 1 while maintaining the monochromatic converging
sequences.
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Without CH

Can we have such example without CH? What kind of guessing
principles can be used to make this construction?

The idea behind the previous construction has led us to the next
definition in [1]:

Definition
A sequence ⟨An

α : n < ω ∧ α < ω1⟩ is called a ♣F -sequence if the
following holds:
(1) for all α ∈ acc(ω1) and n ∈ ω we have that An

α is an
unbounded subset of α;

(2) for all f : ω1 → ω there are α ∈ acc(ω1) and n,m ∈ ω such
that α ∈ f −1[{n}] and Am

α ⊂ f −1[{n}].
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Another construction

In the same paper we verify that such guessing principle is
compatible with the negation of CH. For this we use a Cohen
CS*-iteration as is mentioned in [3].

Now we can use this to construct the desired space.

Theorem
If ♣F holds, then there is a regular topological space X such that
χ(X ) = b, X → (top ω + 1)1ω, but X ↛ (top ω2 + 1)1ω.

Sketch of the proof:

Rodrigo Rey Carvalho Winterschool 2023



Background content
Bound on the character

Another construction

In the same paper we verify that such guessing principle is
compatible with the negation of CH. For this we use a Cohen
CS*-iteration as is mentioned in [3].

Now we can use this to construct the desired space.

Theorem
If ♣F holds, then there is a regular topological space X such that
χ(X ) = b, X → (top ω + 1)1ω, but X ↛ (top ω2 + 1)1ω.

Sketch of the proof:

Rodrigo Rey Carvalho Winterschool 2023



Background content
Bound on the character

Another construction

In the same paper we verify that such guessing principle is
compatible with the negation of CH. For this we use a Cohen
CS*-iteration as is mentioned in [3].

Now we can use this to construct the desired space.

Theorem
If ♣F holds, then there is a regular topological space X such that
χ(X ) = b, X → (top ω + 1)1ω, but X ↛ (top ω2 + 1)1ω.

Sketch of the proof:

Rodrigo Rey Carvalho Winterschool 2023



Background content
Bound on the character

Another construction

Hajnal-Maté

There are other conditions that can also be used to construct such
example. For example consider the next definition:

Definition

A Hajnal-Máté graph is G ⊂ [ω1]
2 such that the chromatic number

of G is ℵ1 and, for each ξ < ω1, the set {α < ξ : {α, ξ} ∈ G} is
either empty, or has order type ω and supremum ξ.

We have the following result:
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Proposition

If G is a Hajnal-Máté graph then there is a ladder system
⟨Sα : α ∈ ω1⟩ such that, for each coloring f : ω1 → ω, there are
n ∈ ω and α ∈ acc(ω1) such that Sα is cofinal in α of order type ω
and f (α) = n and f −1[{n}] ∩ Sα is infinite.

Sketch of the Proof:

This allows us to construct the same example as before, yielding:

Theorem
If there is a Hajnal-Maté graph, then there is a regular topological
space X such that χ(X ) = b, X → (top ω + 1)1ω, but
X ↛ (top ω2 + 1)1ω.
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Thank you for your time.
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Carvalho, R. Fernandes, G. and Junqueira, L. - Partitions of
topological spaces and a new club-like principle, to appear at
PAMS, 2023

Komjáth, P. and Weiss, W. - Partitioning topological spaces
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